Abstract. Some new ordinal indices on sequences of continuous functions are defined. It is shown that they are related to the existence of higher order 1 -spreading models.
Introduction
The celebrated Rosenthal's 1 -theorem [10] says that a uniformly bounded sequence of functions with a large degree of oscillation has a subsequence equivalent to the 1 -basis. This result was subsequently extended to finite dimensional 1 -sequences ( 1 -spreading models) with the help of ordinal oscillation indices for sequence of continuous functions. (See [1] , [4] , and [7] .) We refer the reader to §3 of [8] for a survey of results regarding ordinal indices of functions and 1 -spreading models. In this paper, we present several more oscillation type indices and show that they govern the existence of 1 α -spreading models. The results presented here overlap with those in [7] . However, our approach is different. The use of Rademacher systems goes back more directly to Rosenthal's approach to the 1 -theorem. Our main result is a more precise version of Theorem 3.1 in [1] (see Theorem 3.9) . It is also a close relative of Theorem 3.1 in [7] and Theorem 3.8 in [8] . More on ordinal indices associated with sequences of continuous functions can be found in [5] , [6] and [3] .
Our notation is standard. If L is an infinite subset of N, we denote the set of all infinite subsets of L by [L] . Given subsets I, J of N, we write I < J to mean that max I < min J if I, J = ∅. We also set ∅ < J and I < ∅ for any I, J. If I = {n} , we write n < J for short. Similar definitions hold for the symbol "≤". A crucial role is played by the Schreier families (S α ) α<ω1 . Let S 0 = {{n} : n ∈ N} ∪ {∅} . If α is a countable ordinal and S α is defined, let
If α is a countable limit ordinal, fix a sequence of ordinals (α n ) strictly increasing to α and define S α = {I : I ∈ S αn for some n ≤ min I} .
If α is a countable ordinal and L = ( n ) ∈ [N] , where ( n ) is a strictly increasing sequence, we let S α [L] = {{ n : n ∈ J} : J ∈ S α } . We will have occasion to use an extended form of the Schreier families. Suppose that α = ω α1 · m 1 + ... and
For simplicity, we denote T α [N] by T α . If f is a real-valued function defined on a set K and r ∈ R, we write
The set [f > r] is defined similarly. The greatest integer function is denoted by · . Finally, the cardinality of a set A is denoted by |A| .
Oscillation Indices
Let K be a Polish space, i.e., a separable completely metrizable topological space. Denote by C the collection of all closed subsets of Henceforth, fix a uniformly bounded sequence of functions (f n ) in C b (K) , the space of bounded continuous functions on K, endowed with the supremum norm. We do not assume that (f n ) is pointwise convergent unless otherwise stated.
Recall a well-known family of derivations introduced by Alspach and Argyros [1] . Suppose that (f n ) is a pointwise convergent sequence. Let
The family of derivations O, parametrized by ε > 0, is defined as follows:
Alspach and Argyros showed that the index associated with O ( , (f n ) , ·) has implications for the finite dimensional 1 -structure of the sequence (f n ) . More recently, Kiriakouli [6] proved similar results with regard to the "convergence index" (cf. [5] ). This index is associated with a family of derivations G, whose definition we now recall. For any ε > 0 and H ∈ C, let
there exist m, n ∈ N and
In this paper, we study several families of derivations closely related to G. For any
be the subsequence (f n ) n∈L . Also define N = N (ε) = 1 + 1 ε sup ||f n || and F N = {j : |j| ≤ N } for any ε > 0. We consider the following families of derivations. For any ε > 0 and any H ∈ C, let
We first observe the relationships among the families of derivations considered.
Proposition 2.1. The families of derivations P and Q are equivalent in the sense that for any ε > 0, any H ∈ C, and any α < ω 1 ,
Moreover, if (f n ) is pointwise convergent, then these are equivalent to the family O :
Proof. It suffices to show that both statements hold for the case α = 1.
Therefore for each k, either
Thus for all k large enough, either
In either case, there exist n ∈ L and |j| ≤ N ε 8 such that
Suppose (f n ) is pointwise convergent. We shall now prove the following:
There exists a neighborhood U of x such that for all N ∈ N, there exists n ≥ N such that for all M ∈ N,
Hence there exists L ∈ [N] such that for all n ∈ L and all M ∈ N,
Since (f k ) converges pointwise to a function f,
Therefore for all m, n ∈ L, and all x ∈ U ∩ H,
Rademacher Systems
The aim of this section is to show that if Q α (ε, (f n ) , K) = ∅, then (f n ) contains a subsequence with a complex finite dimensional 1 -structure (determined by the ordinal α). This is carried out by proving that certain subsequences of (f n ) exhibit the characteristic Rademacher functions-like behavior. The direct application of the assumption that Q α (ε, (f n ) , K) = ∅ only yields Rademacher-like functions with their "bumps" shifted vertically in a non-coherent way (see e.g. Proposition 3.2). The key is to observe that the shifts for each function are collapsible to the same level whenever α is a limit ordinal (Proposition 3.4 and Theorems 3.6 and 3.8). The proof of the next lemma is left to the reader. For a subset H of K, denote its interior by intH.
Lemma 3.1. Let α be a countable ordinal, ε > 0, and let H be a closed subset
In the following, let T and T k denote respectively the infinite and finite dyadic trees
Proof. The statement holds vacuously if k = 0. Assume that it holds for some k ∈ N. Let M ∈ [N] be given and suppose
Choose closed neighborhoods U 0 and U 1 of x 0 and x 1 respectively such that
k+1 , there exists x ∈ H such that
Repeating the process, we obtain an infinite sequence of triples
.., and
Proof. Applying the last proposition, we obtain infinite sets
Choose arbitrary elements n k+1 < n k+2 < ... < n pi 0 in L pi 0 so that n k+1 > n k . Also choose ε k+1 , ε k+2 , ..., ε pi 0 ∈ {0, 1} arbitrarily. By the choice of L pi 0 and Φ pi 0 , there exists x ∈ H such that for 1 ≤ j ≤ p i0 , < εΦ pi 0 ((ε 1 , ε 2 , ε 2 , ..., ε j−1 )) + 1 if ε j = 1.
As Φ pi 0 ((ε 1 , ε 2 , ..., ε j−1 )) = Φ ((ε 1 , ε 2 , ..., ε j−1 )) for 1 ≤ j ≤ k, we have the desired result.
The next proposition is a simple consequence of the pigeonhole principle. It says that a finite-valued function on an infinite dyadic tree is constant on some dyadic subtree. This observation permits us to uniformize the Rademacher shifts obtained in Proposition 3.3. Given a node ϕ = (ε 1 , ..., ε j ) ∈ T, we let the length of ϕ be |ϕ| = j. The empty node ∅ has length 0. The node (ε 1 , ..., ε j , ε) is denoted by (ϕ, ε) , ε = 0, 1. If ψ = (δ 1 , ..., δ k ) ∈ T, k ≥ j, and ε i = δ i , 1 ≤ i ≤ j, then we say that ψ ≥ ϕ.
Proposition 3.4. Let X be a finite set. For any Φ : T → X, there exist Ψ : T → T and p ∈ X such that
Proof. It suffices to prove the proposition when X is a 2-element set, say X = {a, b} , a = b. We consider two cases. Case 1. There exist ϕ ∈ T, |ϕ| < 0 < 1 < 2 < ... such that for all ψ ≥ ϕ, |ψ| ∈ { i : i ∈ N∪ {0}} , Φ (ψ) = a.
Define Ψ as follows: Let Ψ (∅) be an arbitrary node such that Ψ (∅) ≥ ϕ and |Ψ (∅)| = 0 . If Ψ (ψ) has been defined, let Ψ ((ψ, 0)) and Ψ ((ψ, 1)) be any two distinct nodes such that Ψ ((ψ, ε)) ≥ (Ψ (ψ) , ε) and |Ψ ((ψ, ε))| = |ψ|+1 , ε = 0, 1. It is easy to verify that Ψ satisfies the proposition with p = a.
Case 2. For all ϕ ∈ T, there exists ϕ such that for all ≥ ϕ , there exists ψ ≥ ϕ, |ψ| = such that Φ (ψ) = b.
In particular there exists ϕ 0 ∈ T such that Φ (ϕ 0 ) = b. Define Ψ (∅) = ϕ 0 . Assume that Ψ (ϕ) has been defined for all ϕ ∈ T with |ϕ| = m. Choose such that ≥ (Ψ(ϕ),ε) for all ϕ ∈ T with |ϕ| = m and ε = 0, 1. By the case assumption, for any ϕ such that |ϕ| = m, we can choose Ψ ((ϕ, ε)) , ε = 0, 1 so that Ψ ((ϕ, ε)) ≥ (Ψ (ϕ) , ε) , |Ψ ((ϕ, ε))| = , and Φ (Ψ ((ϕ, ε))) = b. It is easy to verify that Ψ satisfies the proposition with p = b.
Definition 3.5. Let (f α ) α∈A be a finite set of real-valued functions and ε > 0. We say that (f α ) α∈A is an ε-Rademacher system on a (not necessarily closed) subset 
Hence, for 1 ≤ j < k,
Note that for 1 ≤ j < k,
Therefore,
Hence (f n − pε) n∈I is an ε-Rademacher system on H.
In the proof of the next theorem, we will use the following simple lemma whose proof we omit. 
, where α is a countable limit ordinal whose Cantor normal form is
j is an ε-Rademacher system on H.
Proof. The proof is by induction on all countable limit ordinals α. The result holds for α = ω by Theorem 3.6. Now suppose α is a countable limit ordinal and the result holds for all limit ordinals < α.
Case 1. α k is a successor and α k > 1.
For each r ∈ N, the inductive hypothesis applies to the limit ordinal
is an ε-Rademacher system on H. Choose strictly increasing sequences (r t ) and (t s ) such that
, then we may write
q for some q ≤ s 0 . By Lemma 3.7, we see that
We may write
is an ε-Rademacher system on H. Case 2. α k is a limit ordinal. Let (ρ r ) be the sequence of ordinals used to define S α k and let
Applying the inductive hypothesis to η r yields infinite sets M ⊇ L 1 ⊇ L 2 ⊇ ... and
is an ε-Rademacher system on H. Choose r 1 < r 2 < r 3 < ... such that
is an ε-Rademacher system on H.
Proof of Claim:
Thus for each ϕ ∈ {0, 1} q , there is an open set U ϕ such that
Applying the inductive hypothesis, there exist
, and all
Continue in the same manner to choose infinite sets P ⊇ N 1 ⊇ N 2 ⊇ ... and n 1 < ... < n q < n q+1 < ... such that (a) n 1 , n 2 , ..., n q ∈ P and n q+r ∈ N r , r ∈ N, (b) n q+r−1 < N r , r ∈ N, (c) |[1, n q+r ] ∩ N r | ≥ q + r, r ∈ N, and, (d) for all I = n s1 < ... < n sq ⊆ {n 1 , ..., n q+r−1 } , r ∈ N, there exist func-
Now let N = {n 1 , n 2 , n 3 , ...} . If I = n s1 < n s2 < ... < n sq and I 
and all subsets I = n s1 < ... < n sq and J = n s 1 < ... < n s q of N . Denote by p i j the common value. It is now clear that if
This proves the claim. Applying the claim, we can find infinite sets Without loss of generality, assume that |Ψ (∅)| > 0. Let t q = |Ψ (ϕ)| for any ϕ such that |ϕ| = q. Choose 1 < 2 < 3 < ... such that q ∈ L tq for all q ∈ N, |[1, 1 ) ∩ L t1 | ≥ t 0 , and ( q , q+1 ) ∩ L tq+1 ≥ t q for all q ∈ N. Let L = is an ε-Rademacher system on H.
In view of the equivalence of the families of derivations Q and O when (f n ) is pointwise convergent, the next theorem is a strengthening of Theorem 3.1 in [1] . If α is a countable ordinal and ε > 0, a bounded sequence (f n ) in C b (K) is said to be an 1 -T α -spreading model with constant ε if for all (a n ) ∈ c 00 and all I ∈ T α , n∈I a n f n ≥ ε n∈I |a n | . 
